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Investigation of Natural Frequencies and
Mode Shapes of Buckled Beams
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The linear modes of vibration of buckled beams are investigated analytically and experimentally. Assuming a
static buckled shape corresponding to the nth buckling mode, an exact solution is obtained for the linear modes
and associated frequencies of initially buckled beams with fixed-fixed, fixed-hinged, and hinged-hinged boundary
conditions. The analytical solution for a first-mode buckled beam is validated experimentally for the fixed-fixed
case. The analytically obtained natural frequencies are in excellent agreement with those obtained experimentalily.
These exact linear modes provide a basis from which to study the nonlinear vibrations of buckled beams.

Introduction

NUMBER of studies have investigated the nonlinear vibrations

of buckled beams. Burgreen! and Eisley‘2 considered only one
mode for a simply supported beam and assumed the shape of this
mode. In a different approach, Tseng and Dugundji’ considered two
modes for a clamped beam and assumed that these modes could be
expressed as a linear combination of the first two linear buckling
modes. In more recent studies by Min and Eisley,* Yamaki and
Mori,”> and Afaneh and Ibrahim,’ three modes were considered.
These investigations assumed that the modes of a buckled beam
could be expressed in terms of the linear modes of a straight beam
with corresponding boundary conditions.

The common thread in the previous work is that the exact linear
problem associated with the nonlinear vibrations of buckled beams
was not treated before examination of the nonlinear problem. In-
stead, the ' modes of vibration for the nonlinear problem were as-
sumed to be related to the modes from other linear problems. Thus,
the goal of this work is to provide an exact solution to the linear prob-
lem associated with the vibrations of buckled beams and to validate
it experimentally. The results can then be used to provide a more
accurate framework from which to approach the nonlinear problem.

Problem Formulation

The analytical solution begins with the following nonlinear equa-
tion of motion for an undamped, unforced beam that undergoes
EA

stretching’:
e -\ 2
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In Eq. (1), w is the transverse deflection of the beam, X is the dis-
tance along the undeflected beam, f is time, and the tilde indicates
a dimensional variable. Other dimensional parameters are the beam
length £, the beam’s mass per unit length m, Young’s modulus E,
the beam’s cross-sectional area A, the area moment of inertia of the
beam cross section 7, and the applied axial load P.
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The first step in using Eq. (1) to investigate the linear vibration
of buckled beams is to solve the following linear buckling problem
subject to appropriate boundary conditions for the critical Euler
buckling loads and mode shapes:

d*w &

T

Next, we increase the axial load P beyond the nth critical buckling
load P™ and assume that the postbuckling displacement is b¢,,
where b is a dimensional scaling constant and ¢, is the nth buckling
mode shape. Hence, we assume that the contributions of all buckling
modes other than the nth mode are negligible. Substituting this dis-
placement into Eq. (1) and dropping the time derivative, we obtain

the following equation for b: -
nl 2
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It follows from Eq. (3) that either b = 0 (unbuckled case) or b is

given by
l 2
b* =2¢[P — P(")]/EA/ d¢_" dx
o \d¥
Because P > P™,Eq. (4) yields the amplitude b of the nth buckling
mode.

Having solved the postbuckling problem, we assume that the
beam deflection is the sum of the static buckled displacement b¢, (X)
corresponding to the nth buckling mode and a time-dependent rel-
ative deflection #(x, £); that is,

W(x, 1) = b, (F) + (%, )
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Furthermore, to capture the linear vibrations, we assume that the
deflection #(%, f) is small relative to the static deflection bg, (¥).
For convenience, the resulting equation is rewritten in terms of the

following nondimensional variables:
E.
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As a result, the linear vibrations of a beam around its nth buckled
mode are governed by the following integrodifferential equation:
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where the primes indicate derivatives taken with respect to x.



1122 NAYFEH, KREIDER, AND ANDERSON:

To find the natural frequencies and mode shapes from Eq. (7),
we employ separation of variables by assuming a time-harmonic
solution. Thus, we let

u(x, 1) = O(x)e' ®)

where o is the dimensional natural frequency. Now, Eq. (7) becomes
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where B
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B= / & @' dx 10
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and ® and o are the mode shape and natural frequency for any
solution that also satisfies the boundary conditions.

Analytical Solutions
To find the general solution of Eq. (9), we treat the definite integral
as a constant B; thus, we have a nonhomogeneous linear ordinary
differential equation. Hence, its general solution can be expressed
as a linear combination of homogeneous and particular solutions;
that is,

D(x; w) = Pp(x; w) + P, (x; W) (1

The homogeneous solution can be expressed as

@, = Cy sin(A x) + Cy cos(A1x) + Cs sinh(Arx) + C4 cosh(Aox)

12
where
1
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and the various C; are arbitrary constants.
Substituting Eq. (11) into Egs. (9) and (10), we obtain
ma? et L P@g oApr !
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Er rt Ot TR S 1¢"/0¢"P
Ab? !
= —¢$,'/ ¢, P, dx (14)
1 0
There are two possibilities:
1
f ¢, P,dx =0 1s)
0

and hence ¢, = 0, and the mode shape is given by homogeneous
solution, Eq. (12), unless &, = 0. Second

1
[ 4,0, dx £0 16)
0

and hence ®, 3 0, which depends on the C; and the functional
form of ¢. ‘

Now that the mode shape & is determined in terms of Ay, A2, and
the C;, we enforce the boundary conditions to obtain an eigenvalue
problem for o that consists, in general, of a system of five algebraic
equations. Considering a first-mode buckled beam, we investigate
this eigenvalue problem for three sets of boundary conditions.

MODE SHAPES OF BUCKLED BEAMS

Fixed-Fixed Boundary Conditions
For fixed-fixed conditions, the first buckling load and correspond-
ing mode shape are given by

po _ 4TEI
Rz an
¢ =1 — cos(2mx)

Hence, Eq. (14) becomes
~ma?e* i ., SAbm?
@, + Y +4n’ P, —

EI

cos(2mx)

1
X / sin(27rx)<l>’pdx
0

8Ab*n3

1
= cos(27x) / sin2m x)®), dx (18)
0

It follows from Eq. (18) that the particular solution @, can be ex-
pressed as Cscos(2mx) where Cs is a constant. Requiring this par-
ticular solution to satisfy Eq. (18) yields

8AL m* a ma? et o= 8Ab*n?
I EI )7

1
f sinQmx)®, dx  (19)
0
Substituting for @, from Eq. (12) into Eq. (19) yields
8AK7* e 8Ab*7? 2 A—1
nt  mw Cs = b4 Cihi T(cos Ay )
I EI 1 A3 — 42
27 sin Ay 27 (1 —coshy)
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Now, we enforce the following fixed-fixed boundary conditions:

@1)

(20)

P=d =0 at x=0 and 1

Substituting ® = P, + Cs cos(2mx) into Egs. (21) and using Eq.
(12), we obtain

0 1 0 1
AL 0 Ay 0
sin Aq COS Aq sinh A, cosh A,
A{COSA;  —ApsinA; Ajcoshh, A, sinhA,
G —Cs
C; 0
X Cs =3 _ Cs 22)
Cy 0

Considering Eq. (13), we conclude that Egs. (20) and (22) are five
homogeneous algebraic equations that define an eigenvalue problem
for the C; and the natural frequency w.

Again, there are two possibilities. First, the right-hand side of
Eq. (19) or equivalently Eq. (20) is zero and hence Cs = 0. Sec-
ond, the right-hand side of Eq. (20) is different from zero and hence
Cs 5 0. For Cs # 0, the eigenvalue problem yields natural frequen-
cies as eigenvalues that depend upon the initial buckled deflection.
For Cs = 0, the eigenvalue problem reduces to a system of four ho-
mogeneous algebraic equations that can be obtained from Eq. (22)
by letting Cs = 0. The resulting eigenvalues are independent of the
initial buckled deflection. Having found the natural frequencies as
eigenvalues, we can easily substitute these eigenvalues back into
Eqgs. (20) and (22) to yield the mode shapes.

To illustrate the results of the solution previously described, we
calculate the natural frequencies and mode shapes for a beam sub-
jected to a range of initial deflections &. In particular, we consider
a steel beam with the following constant dimensions: 0.75 in. in
width, 0.0327 in.in thickness, and 10.991 in. in length. These dimen-
sions are chosen for later comparison to the experimental results.
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Fig. 1 Natural frequencies vs maximum buckled deflection: fixed-
fixed.

In Fig. 1, the first six natural frequencies are plotted vs the initial
buckled deflection. From this plot, we note that the second, fourth,
and sixth natural frequencies are independent of the initial buckled
deflection, whereas the first, third, and fifth increase with the initial
buckled deflection. Similarly, the even mode shapes are independent
of the initial buckled deflection, whereas the odd ones change with
the initial buckling level, as depicted in Fig. 2. These two types of
modes correspond to the solutions for which Cs = 0 and # 0, as
noted earlier.

Fixed-Hinged Boundary Conditions
For these boundary conditions, the first buckling load and mode
shape are

It i
P = 7R ‘
¢ =1—x+ K sin(2,x) — cos(;x)

- where K & 0.2225 and Q, & 4.4934. Equation (14) now becomes

(23)

mae e ; ,
— 57 Pt O+ Q}o)
Q2AR?
- 11 [—K sin($21x) + cos(R1x)]

1
X / [--1+ KQcos(2x) + lein(le)]<I>’p dx
0

QAP
T

[—K sin(£2,x) + cos(§2;1x)]

1
X f [—1+ KQ cos(21x) + Q;sin(Q2x)]P}, dx 24
0

From Eq. (24), it follows that the particular solution is Cs sin(Qx)+
Ce cos(21x). Requiring each term of the particular solution to sat-
isfy Eq. (24) yields two equations analogous to Eq. (19) from the
fixed-fixed case. From these equations, Cs is determined in terms
of Cg such that

Cs = —KCs (25)

Now, requiring the first term of the particular solution Cs sin(2;x)
to satisfy Eq. (24) while using Eq. (25) and evaluating the definite
integrals yields

QAP Q2
{ 1 [?1(1+K2)—1—Ksins21+cos(21

I
K- 1@
+ KQ;sin?Q; + & - b sin(ZSll)]
ma? et QALK (!
-7 }c5=——17~—/0 [—1 4+ Kicos(Sx)

+ Q5in(Qx)1P}, dx (26)
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where

1
/ [—1 + KQ cos(Qx) + Q;sin(21x)]P}, dx
0

A1 cos Qg sinA; — £ sin 2 cos A
=C1|:KQ1)~1( 1 1 ; ; 1 1)
AL —
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Aa cos §2; sinh Ay + 25 sin 2; cosh A,
Ci| KQi A
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Ay 8in ) sinh A; — ) cos 21 cosh A, + 2
X
A2+

+C4[1 —coshAy + Q1A;

Ao sin Ql cosh Ay — Ql Cos Ql sinhAz
X
A+

+ KQIAQ(A'Z cos Q[ COSh)\.z + Q) sin Ql Siﬂh).z - A.g)] (27)

A+ Q2
Next, we enforce fixed-hinged boundary conditions as

=P =0 at x=0

28
P=9¢"=0 at x=1 28)

Substituting ® = &, + Cs sin(2;x) + Cg cos(2;x) into Egs. (28)
and using Eqgs. (12) and (25), we have

0 1 0 1
A 0 A2 0
sin Ap cos Aq sinh A, cosh A
—A3sinA; —A2cosi; AZsinhi, AZcoshi,
C CS/K
C -,C
x{ 2t = . 1 9)
C3 —~CssinQ; + Cscos /K
Cy CsQ2sin Q) — CsQ2cos /K

At this point, the solution can be obtained as in the case of fixed-
fixed boundary conditions. The system of five homogeneous alge-
braic equations (26) and (29) constitute an eigenvalue problem for
the C; and the natural frequency w.

Again, there are two possibilities. First, the right-hand side of
Eq. (26) is zero and therefore Cs = 0. Second, the right-hand side
is different from zero and hence Cs # 0. For these boundary con-
ditions, the right-hand side of Eq. (26) is different from zero for all
solutions to the homogeneous problem. Hence, all modes contain
the particular solution and consequently depend on the initial buck-
led deflection. The dependence of the fist six natural frequencies
and first four mode shapes on the buckled deflection is illustrated
in Figs. 3 and 4 for the same beam considered in the plots for the
fixed-fixed boundary conditions.
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Fig. 2 Mode shapes for a) the first mode, b) the second mode, c) the
third mode, and d) the fourth mode are depicted for fixed-fixed boundary
conditions (legend indicates maximum buckled deflections in inches).
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Fig. 3 Natural frequencies vs maximum buckled deflection: fixed-
hinged.

Hinged-Hinged Boundary Conditions
For these boundary conditions, the first buckling load and mode
shape are

PO = @
£ ‘ (30
¢ = sin(rx)
which upon substitution into Eq. (14) yields

ma*e* o 2y AbM?
T, + O P+

1
sin(r x) / cos(rx) <I>’p
0

Ab%n3

1
sin(nx)f cos(mx)d; dx (31
0

The functional form of the right-hand side suggests that the par-
ticular solution is Cs sin(rx). Requiring the particular solution to
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Fig. 4 Mode shapes for a) the first mode, b) the second mode,
¢) the third mode, and d) the fourth mode are depicted for fixed-hinged
boundary conditions (Jegend indicates maximum buckled deflections in
inches).

satisfy Eq. (31) yields

APt mao?e? Ce— Ab*m3
21 El 5T

1
/ cos(rx)®y, dx (32)
o ‘

At this point, we consider the boundary conditions. The hinged-
hinged boundary conditions are given by

P=9"=0atx =0and 1 (33)
" Substituting ® = &, +Cs sin(7x) into Egs. (33) and using Eq. (12),
we have )
0 1 0 1
0 -2 0 A3
sin Ay COS Ag sinh A, cosh A,

—AsinA; —AZcosA; AlsinhA, A2coshi,

C 0
C, 0

X Cs = 0 (34
Cy 0

The boundary conditions (34) and Eq. (32) constitute a set of five
homogeneous algebraic equations for the C; and the natural fre-
quency .

Similar to the other boundary conditions, there are two possibil-
ities: the right-hand side of Eq. (32) is either zero or different from
zero. However, a solution to the hinged-hinged boundary conditions
is ®;, = 0. For this case, even though the right-hand side of Eq. (32)
vanishes, we must consider ¢, # O to maintain a nontrivial solu-
tion. This solution then yields the first natural frequency and mode
shape as a function of the initial buckled deflection from Eq. (32).
The other solutions occur when ®;, # 0. To obtain these solutions,
we consider the nontrivial homogeneous solutions to Egs. (34) for
which w # 0. All such solutions have derivatives that are orthogo-
nal to cos 7x. Hence, Cs = 0 from Eq. (32). Finding the nontrivial
solutions to Egs. (34), we obtain modes that are independent of the

N
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Fig. 5§ Natural frequencies vs maximum buckled deflection: hinged-
hinged.
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Fig. 6 Mode shapes for a) the first mode, b) the second mode, c) the
third mode, and d) the fourth mode are depicted for hinged-hinged
boundary conditions.

initial buckled deflection. Thus, for hinged-hinged boundary condi-
tions, the solution may consist of either the particular solution (when
@;, = 0) or the homogeneous solution (when C5 = 0). Analytical
results analogous to those plotted for fixed-fixed and fixed-hinged
boundary conditions are presented in Figs. 5 and 6.

Experimental Setup and Results

Experimental data were obtained only for fixed-fixed boundary
conditions. The physical setup to the experiment involves a beam
(unhardened oil-hardening flat stock) and two clamps, as illustrated
in Fig. 7. One of the clamps remains fixed, whereas the other is
slotted and is forced to slide by the turning of an adjustment screw.
Thus, the adjustment screw provides a controlled method for slid-
ing one of the clamps and buckling the beam. After the beam is
buckled, the sliding clamp is also fastened down to complete the
simulation of fixed-fixed boundary conditions. The instrumentation
includes a laser vibrometer for the beam’s response and a hammer
with a force transducer for the excitation. Transfer functions were
calculated with 512 lines of resolution over a frequency range of

Fig.7 Top view of the experimental setup.

« indicates experimental data
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Fig. 8 Experimental and analytical natural frequencies vs maximum
buckied deflection.
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Fig. 9 Experimental mode shapes.

0-1024 Hz. Experimental data were taken at 10 different levels of
buckling for which each of the first 6 natural frequencies was de-
termined via a circle fit algorithm. These data points are compared
with the analytical results of Fig. 1 in Fig. 8. The same beamn param-
eters are used for the analytical results in both of these figures. The
beam thickness of 0.0327 in. is the only parameter in the analytical
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model that was adjusted to achieve the excellent agreement shown
in Fig. 8. The other parameters were taken to be the actual mea-
sured length of 10.991 in. and nominal values for the density and
modulus of elasticity of steel. Though the thickness was adjusted
slightly to best fit the data, the value used falls well within the range
of thicknesses measured along the length of the beam.

In addition to frequency data acquired at muitiple levels of buck-
ling, data were taken 10 evenly spaced positions along the beam to
investigate mode shapes at 2 levels of buckling, 1 below and 1 above
the level at which the 1:1 internal resonance of the first 2 modes oc-
curs. The first and second mode shapes are investigated to verify that
the first natural frequency, as defined by mode shape,; exceeds the
second for levels of buckling greater than that where the 1:1 internal
resonance occurs. The exact levels of buckling where the data were
taken correspond to maximum initial deflections of 0.043 and 0.079
in. Using a direct parameter fit in MODAL-PLUS software,® we
confirmed, as shown in Fig. 9, that the first and second natural fre-
quencies do cross between initial deflections of 0.043 and 0.079 in.

Conclusions

The excellent agreement between the analysis and experimental
data for fixed-fixed boundary conditions validates the analytical so-
lution. As an exact solution to the linear problem for an nth-mode
buckled beam, the modes determined here can then be used in non-
linear studies of buckled beams without the assumption that the
modes for this problem are related to the modes from other linear
problems. Because the exact modes of a buckled beam vary most

from those of a straight beam for large initial buckled deflections,
avoidance of mode-shape assumptions gains particular importance
at higher levels of buckling.
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